INTRODUCTION
We consider a holomorphic vector bundle E on a compact complex manifold, and intend to construct metrics on vector bundles associated to E which would reflect algebraic positivity properties of E. We prove Theorem 1.1. Let E be a semi-ample vector bundle on a compact complex manifold. Then for all positive integer k, the vector bundles S k E⊗det E have continuous metrics with Griffiths semi-positive curvature.
Theorem 1.2. Let E be an ample vector bundle on a complex projective manifold. Then for all positive integer k, the vector bundles S
k E ⊗ det E are Griffiths positive.
Our results provide a weak answer to a question raised by Griffiths on finding an analytic characterization of ampleness for vector bundles [9, problem (0.9) ]. These constructions may help to find some topological properties of algebraic sub-varieties under ampleness assumptions for the normal bundle (see for example [8] and [16] part two). The appearance of the determinant line bundle has the same origin than its appearance in the vanishing theorem of Griffiths for the cohomology of ample vector bundles. On projective spaces, abelian varieties, Grassmanian manifolds theses results were already proved either by the Castelnuovo-Mumford criterion for global generation or by trying to mimic the Frobenius morphisms over C ( [17] , [18] ).
The idea to obtain the metric positivity is to construct cyclic coverings Y s of P(E), the variety of rank one quotients of E, in order to relate the (sheaf of germs of the) line bundle O E (−1) to the structure sheaf of Y s . This may be seen as a metric aspect of Ramanujam's idea to reduce vanishing theorem to topological properties [19] (see also [15] ). Applying Fujita-Griffiths method of computing metrics on Hodge bundles, we will be able to compute the curvature of direct image of the structure sheaf of Y s . We next have to deal with the singularities of the gotten metric. It turns out the metric on the top direct image of O Ys is semi-negatively curved and that its only singularities are zeros (i.e. may vanish on non-zero vectors). This is far simpler than general results obtained by Kawamata, Zücker, Kollár and Cattani-Kaplan-Schimd. Hence, adding metrics built from different properly chosen cyclic coverings lead to a non degenerate metric on (S k E ⊗ det E) ⋆ . After having completed this work, we received a preprint from Bo Berndtsson where he proves similar results using the subharmonicity properties of families of Bergman kernels [1] .
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AMPLENESS AND POSITIVITY
We refer to [12] or [16] for basics about ample vector bundles and to [9] or [4, chapter VII] for basics about positive vector bundles. All vector bundles are assumed to be holomorphic.
A vector bundle E on a compact complex manifold X is said to be semi-ample if for some positive integer k, its symmetric power S k E is generated by its global sections. Associated to E, we have π : P(E) → X the variety of rank one quotients of E together with its tautological quotient line bundle O E (1). The semi-ampleness of E is rephrased that for every x ∈ X, every section s x of O E (k) over the fiber P(E x ) extends to a global section of O E (k) over P(E). This in particular implies that O E (k) is generated by its global sections. A vector bundle E is said to be ample if its associated line bundle O E (1) is ample on P(E). This in particular implies the existence of an integer k such that for every x ∈ X, every section s x of O E (k) over the first infinitesimal neighborhood of the fiber P(E x ) extends to a global section of O E (k) over P(E).
A vector bundle E is said to be Griffiths positive, if it can be endowed with a smooth hermitian metric h such that for all x ∈ X and all non-zero decomposable tensors v ⊗ e ∈ T X x ⊗ E x , the curvature term Θ(E, h)(v, v)e, e h is positive, where Θ(E, h) ∈ C ∞ 1,1 (X, Herm(E)) is the curvature of the Chern connection ∇ E,h of (E, h). Recall the formula
for a nowhere zero local holomorphic section ξ of a holomorphic vector bundle E equipped with a smooth hermitian metric h. The last two terms give the norm at x of the fundamental form of the inclusion O X ξ ⊂ E. A continuous hermitian metric h on a vector bundle b : E → X is said to be Griffiths positive, if there exists a smooth positive real (1, 1)-form ω X on X such that in the sense of currents
where h is seen as a continuous quadratic function on the total space E − X × {0}. At the points where the metric h is smooth, these two notions of Griffiths positivity coïncide. The theory of resolution of the ∂-equation with L 2 -estimates for example shows that Griffiths positivity and ampleness are equivalent for line bundles. This implies through the curvature computation of O E (1) that Griffiths positive vector bundles are ample. The converse is a problem raised by Griffiths, and solved positively on curves by Umemura [21] using the concept of stability (see also [3] ).
Notation and Assumption. In the rest of this paper, we will use the following notations. We let E → X be a holomorphic vector bundle of rank r > 1 on a compact connected complex manifold X, and π : P(E) → X be the associated P r−1 -bundle with the line bundle O E (1). We assume E is semi-ample at least, and we take and fix an arbitrary positive integer k such that S k E is generated by its global sections.
CYCLIC COVERS
A reference for this part is [6, § 3] . By our assumption at the end of § 2, O E (k) is generated by its global sections. Then Bertini's theorem (see for example [11, page 137] ) insures that a generic section s of O E (k) over P(E) is transverse to the zero section (i.e. ds |Ds : T P(E) |Ds → O E (k) |Ds is surjective), and defines a smooth divisor D s := (s = 0). Let
be the cyclic covering of P(E) obtained by taking the k-th root out of D s . We intend to study the morphism π • p : Y s → X. The space
is a smooth hypersurface of the total space O E (1), and the map p is a finite cover totally ramified along the zero locus D s of s. The space Y s may also be described as the spectrum Spec A s of the algebra
. Simply note that no negative power O E (−i) has non-zero sections on the fibers of π to infer that the direct image (π • p) ⋆ O Ys is O X . This shows that the fibers of π • p are connected and that the covering space Y s is therefore connected. One can check by a local computation that the morphism π • p is smooth over the set X − Σ s of points x ∈ X where s |P(Ex) ∈ Γ(P(E x ), O E (k)) is transverse to the zero section. We shall call Σ s the discriminant locus of π • p.
We will in fact work with the top degree direct image of the structure sheaf. Because p is a finite morphism, the spectral sequence of composition of direct image functors reduces to the following:
Here we have used Serre duality on the fibers of the smooth morphism π with relative dualizing sheaf
THE HODGE METRIC
We recall the basics on geometric variations of Hodge structures and Griffiths's computations ([10, theorem 6.2]) of the curvature the Hodge metric (see also [20, § 7] and [22, chapter 10] ). We also recall the method of Fujita [7] . Let f : Y → B be a projective and surjective morphism of complex manifolds having connected fibers. We fix an ample line bundle on Y . 
is non-degenerate (hence defines a pseudo-metric) on the primitive part 
with respect to the Gauss-Manin connection (or equivalently with the flat metric on
Formulae for the curvature of quotient hermitian holomorphic vector bundles then lead to 
where V is a local vector field on B and σ a local section of E p .
We now apply this result in the case of the family of the cyclic covers π • p : Y s → X obtained by taking the k-th root of a section s of O E (k). We have to restrict the study over Zariski open sets Y
Then, since ∇ 0 vanishes, the above theorem implies the following
Corollary 4.2. The vector bundle
with the Hodge metric is Griffiths semi-negative.
Singularities of the Hodge metric.
We now deal with the general case, namely f : Y → B may not be smooth. In this section we will give rough descriptions of the singularities. Detailed results need explicit form of the isomorphisms in (3.1) and will be given in § 5.3. We therefore assume that the base B is one dimensional. The Hodge metric on the direct image of the relative canonical sheaf is described as follows. Let b ∈ B be a point and let (U, t) be a local coordinate centered at
(which amounts to saying that in the differentiable trivialization Y |U ≃ Y b × U, the section ω is sent to ϕ b ), then the Hodge norm at b ∈ B of the section ω is
here n = dim Y − 1. Fujita checked that in this setting in case dim B = 1 the Hodge metric on f ⋆ K Y /B is bounded from below by a positive quantity and hence that the only possible singularities of the Hodge metric on f ⋆ K Y /B are poles (see [7, lemma 1.12] ). We just give the typical example which occurs for a local model of our cyclic covers (for some positive integer m).
The cotangent bundle Ω Ys is generated by dt, dz, dl subject to the relation kl
dz with a pole of order k − 1 on the fiber over t = 0 and no singularities elsewhere. Now, note that over smooth fibers of f , the Serre dual of an orthonormal basis
, which is an orthonormal basis of (H 0,n (Y b , C), Hodge). Hence the Hodge metric on R r−1 (π • p) ⋆ O Ys may acquire zeros at the points x over which the section s |P(Ex) is not transverse to the zero section. This can also be inferred from the formula in § 5.3 which furthermore proves the continuity of the metric on R r−1 (π • p) ⋆ O Ys .
EXPLICIT ISOMORPHISM
We make explicit the isomorphisms in (3.1) in terms of Dolbeault isomorphism and Serre duality for metrized vector bundles. This enables us to describe the Hodge metric. We keep the notation and assumption for E → X made at the end of § 2. We furthermore fix a reference hermitian metric g on E and then naturally on E ⋆ and on O E (i).
Calculus lemma.
To make Serre duality on a projective space explicit, we pose an elementary calculus lemma. We consider a projective space P r−1 with a homogeneous coordinates [a] = (a 1 : . . . : a r ) and with the Fubini-Study Kähler form Ω. Let z j = a j /a 1 (2 ≤ j ≤ r) be a standard local coordinate. We can write the volume form as
where we have set ǫ r := ( √ −1) r−1 (−1) 
Let (e I ) |I|=i−r be a local frame of S i−r E induced from (e j ) 1≤j≤r . Then by Lemma 5.1, the dual basis of (e I ⊗ e 1 ∧ e 1 ∧ · · · ∧ e r ) |I|=i−r is represented through the integration along the fibers of π : P(E) → X, up to some positive constant multiple, by the following set of ∂-closed relative (0, r − (1) . The correspondance betweenČech and Dolbeault cohomologies can be made explicit using a partition of unity as in [2, II proposition 9.8]. We find an explicit isomorphism as follows.
